Two nonlinear mode coupling processes of toroidal Alfvén Eigenmode (TAE) are investigated, i.e., 1. spontaneous excitation of Geodesic Acoustic Mode (GAM) by TAE and 2. nonlinear scattering of TAE by an ion acoustic wave (IAW) like quasimode. The nonlinear dispersion relation and unstable conditions for both processes are derived. It is shown that both processes may play an important role in TAE nonlinear saturation.
Introduction
Alfvén eigenmode in toroidal plasmas, such as Toroidal Alfvén eigenmode (TAE) [1] , are important phenomena for future burning plasmas for their potential impact on energetic particle transports. TAE is an Alfvén eigenmode excited in the toroidicity induced gap, where two neighboring poloidal harmonic of Alfvén continuum couples due to the toroidal geometry. The saturation mechanism of TAE is then of particular interest to magnetic confinement research [2] [3] [4] [5] .
While considering the nonlinear dynamics of shear Alfvén waves (SAWs), one unique feature of nonlinear SAW, the pure Alfvénic state, which is discussed in detail in [6] , must be mentioned. The nonlinear equation of SAW in an infinite uniform plasma can be derived as
in which, the two terms in the square brackets are, respectively, the field line bending and inertial terms and the nonlinear term can be solved by formally separating δJ = δJ L + δJ NL , and noting that SAW is nearly incompressible
Here, V A is the Alfvén speed, δB is the perturbed magnetic field, δu is the perturbed fluid velocity, B 0 is the equilibrium magnetic field, b 0 is the unit vector along the magnetic field line, ρ m0 is the equilibrium density, δJ is the perturbed current, and δψ ≡ ωδA /(ck ) with δA being the perturbed parallel vector potential, k being the parallel wave vector. Equation (2) indicates that [∂ t ∓ V A b 0 · ∇]δφ = 0; i.e., the nonlinear term vanishes for perturbations satisfying the Walén relation δu ⊥ = ±δB ⊥ /B 0 , noting δu ⊥ is the E × B velocity to the leading order. In other words, within our present approximations, a large amplitude SAW satisfying ω = ±k V A can exist for a long time scale without being broken by nonlinear processes. For the nonlinear dynamics of SAWs, one needs to break this pure Alfvénic state, via, e.g., geometry [4] and/or kinetic effects.
In this paper, we will investigate two possible mechanisms for TAE saturation in the short wavelength k 2 ⊥ ρ 2 i > ω/Ω i regime. In Sec. 2, nonlinear excitation of Geodesic Acoustic Mode (GAM) [7] is investigated and in Sec. 3, the nonlinear scattering via an n = 0/m = ±1 ion acoustic wave (IAW) like quasimode is investigated. We note that, for TAE, two neighboring poloidal harmonics locate at the same radial position where |nq(r 0 ) − m| = 1/2. Thus, the former case corresponds to the pump TAE decay into a co-propagating TAE sideband with the same poloidal number and an n = 0/m = 0 GAM; while the latter case corresponds to the pump TAE decay into a sideband with a poloidal mode number m ± 1 and an n = 0/m = ±1 daughter wave, which is a heavily ion Landau damped IAW like quasimode. Finally, the results are summarized in Sec. 4.
Excitation of GAM by TAE
In this section, we investigate the spontaneous resonant excitation of GAM by TAEs in a simple tokamak equilibrium with shifted circular magnetic flux surfaces, using a three-wave parametric decay instability process. Two basic assumptions are used in our calculation: 1. both TAE and GAM satisfy |k ⊥ ρ i | < 1 and 2. GAM is dominated by electrostatic response. Our treatment of the three-wave interactions among the pump TAE (ω 0 , k 0 ), the lower TAE sideband (ω s , k s ) and GAM (ω G , k G ) follows closely [4, 8] . Note that the reason we consider only the decay into the lower sideband TAE is that TAE frequency typically decreases with finite k r . Thus, only the decay into the lower sideband with a finite k r , due to the envelop modulation of GAM, could be a resonant decay process, which is more efficient, as its growth rate scales as the pump mode amplitude rather than as its square in the nonresonant excitation case. Since TAE typically has nq 1, the following ballooning-mode decomposition in (r, θ, φ) field aligned toroidal flux coordinates is assumed for TAE [9] 
Here, m 0 is the reference poloidal mode number, nq(r 0 ) = m 0 , x = nq − m 0 = nq (r − r 0 ), and A 0 , A S and A G are the envelope amplitudes of TAE pump, lower TAE sideband and GAM, respectively. The same decomposition is also assumed for the TAE parallel vector potential. The nonlinear GAM equation can then be obtained from the gyrokinetic vorticity equation:
Here, G is the dielectric function of GAM. For the details of G and various particle species linear response to δφ G , one can refer to [10] and references therein. Furthermore,
∫ |Φ 0 | 2 dx = 1 as normalization condition [4] . Noting that, for TAE, |Φ 0 (x)| 2 is localized at and even with respect to |x| = 1/2, with a characteristic width ∆
For the derivation of the parametric decay dispersion relation, we also need the nonlinear TAE sideband equations. Including the nonlinear corrections to the ideal MHD condition in the nonlinear gyrokinetic vorticity equation, one obtains the desired nonlinear TAE sideband equation in the form
δŴ(k G , ω) playing the role of a normalized potential energy. Furthermore, 0 = 2( + ∆ ) with = r/R 0 and ∆ the Shafranov shift in the shifted circular magnetic flux surfaces tokamak case we consider here. Solutions of D(ω, k G ) = 0 are ω = ω T (k G ), with the pump TAE frequency given by ω 0 = ω T (k G = 0). The nonlinear dispersion relation of the parametric instability can be obtained by combining equations (4) and (5) . In the case when both GAM and TAE sideband are weakly damped normal modes, the dielectric functions G and T,S can be expanded, assuming resonant decay frequency
, in which γ S and γ G are, respectively, the collisionless damping rates of TAE sideband and GAM. We thus obtain the dispersion relation of the parametric decay process
where the driving term Γ D,G is defined as
In the ideal MHD first stability region for ideal ballooning modes, we generally have ω 0 ∂D/∂ω 0 > 0. Thus, one can predict from equation (6) that the necessary condition for parametric instability is
for Γ 2 D,G to be positive; i.e., the nonlinear excitation of GAM is possible only when the pump TAE frequency lies inside the upper half of the TAE gap.
Equation (6), furthermore, indicates that the pump TAE needs to overcome the damping of GAM and TAE sideband; i.e., Γ 2 D > γ G γ S . Noting that, for linear TAE and GAM, we typically have γ S /ω S γ G /ω G ∼ O(10 −2 ), the threshold condition for the parametric process can then be estimated as
Equation (9) yields, for some typical tokamak parameters, i.e., 0 ∼ O(10 −1 ), k G ρ i ∼ O(10 −1 ) etc, |δB r /B 0 | 2 thr ∼ O(10 −9 − 10 −8 ); which is comparable to that of the spontaneous excitation of LFZS by TAE [4] , and, thus, suggests that both nonlinear processes could be operative and provide effective saturation mechanisms for TAE.
Excitation of IAW quasimode by TAE
In this section, we investigate the decay of a pump TAE into a sideband TAE with poloidal mode number m ± 1 and an n = 0/m = ±1 IAW like quasimode, which could be heavily damped. As a result, in our derivation, we need to include both the linear and nonlinear response of the quasimode while deriving the nonlinear TAE sideband equation.
The nonlinear equation of the IAW quasimode, can be derived from the nonlinear vorticity equation as
Here, I is the dielectric function of IAW, and we note also 1 + ω 2 A /(4ω 2 0 ) 2. In fact, there is no cancelation between Reynolds and Maxwell stresses in this case. The nonlinear TAE sideband equation can be derived following the same procedure as for equation (5) , except that we need to include both the linear and nonlinear responses to IAW quasimode while deriving the nonlinear TAE sideband equation. The obtained eigenmode dispersion relation for the TAE sideband is then
and the nonlinear correction term, ∆ 2 , is given as
The nonlinear dispersion relation can then be derived by combining equations (10) and (11):
If the IAW is weakly damped, e.g., T e /T i 1, we can expand I and AS as in Sec. II, and the nonlinear dispersion relation becomes
Thus, the threshold condition for parametric decay instability is k 2 0 − k 2 I > 0 in the first stability region of ideal MHD ballooning mode. In the case when IAW is heavily damped, I is finite. Thus, we expand only AS , while keeping I in the final expression, and obtain
We note that the two terms in the square brackets have the same sign. Thus, the nonlinear drive is enhanced by nonlinear ion Landau damping, the first term in the square bracket. The pump TAE amplitude threshold for this process to take place can also be evaluated from equation (14).
Conclusion and Discussion
In this paper, two possible processes for TAE nonlinear saturation are investigated. For TAE resonant decay into a lower sideband and a GAM, the effective drive comes from the non-cancelation of the Reynolds and Maxwell stresses due to the toroidal geometry, and the parametric process is unstable only when the pump TAE lies in the upper half of the toroidicity induced gap. For TAE decay into a lower sideband and an IAW like quasimode, this process could be nonresonant, since IAW like quasimode could be heavily ion Landau damped. The latter process, however, has the advantage that there is no cancelation between the Reynolds and Maxwell stresses, since the pump and sideband TAE are counter-propagating. Both processes may play an important role in the TAE nonlinear saturation and, thus, need more in depth investigation.
